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Mean-field theory for the phase transitions
of nematic polymers in a magnetic field:
application to magnetic birefringence
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With the help of a theory which is based on functional integrals, we calculate the evolution, with
temperature and degree of polymerization, of the orientational order parameter of thermotropic nematic
polymers under a magnetic field. We compare our results with those obtained experimentally from magnetic
birefringence measurements on polyesters. The validity of the application of the mean-field theory in the
case of semiflexible liquid crystal polymers which consist of sequences of mesogenic units and flexible
spacers is also discussed. Copyright © 1996 Elsevier Science Ltd.
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INTRODUCTION

Semirigid polymers, in solution or in the melt have
received much attention through experimental' =% and
theoretical'®™®® work in recent years. The study of the
nematic—isotropic transition has been one of the most
important goals. Although the influence of external fields
has been studied theoretically for rigid-rod macromole-
cules, as, for example, in the case of elongational
flow?' =%, some theoretical work has already been
devoted to investigations on semirigid polymers!3:24-26,

As the temperature of the nematic—isotropic transition
is reached, a number of physical properties exhibit
divergences. Such pretransitional effects are shown
by measurements of the intensity of the scattered
light and of the electric- and magnetic-field-induced
birefringence®’

This paper deals with the influence of a magnetic field
on the phase transition of a semi-rigid polymer, which is
described here through the use of the elastic worm-like
chain model, as previously reported'*. We also give some
comments and observations on the experimental work
carried out on the magnetic birefringence of various
polyesters.

THEORY

The polymer is described as a worm-like chain, with a
continuous space curve of contour length L and a
bending elastic constant . The chain stiffness is also
defined by its persistence length, ie. ¢ =x/kT. All

* To whom correspondence should be addressed

lengths are given in monomer units, so that L is equal to
the degree of polymerization. Here we only consider the
elastic intramolecular interactions between neighbouring
segments. The elastic energy associated with the chain is
given by the followmg

va=5[ d(g) (1)

with r being the tangent to the curve at a contour
distance s from the origin of the chain (Figure 1), where
/| =1

The segments of the different chains themselves
interact with each other, due to steric constraints and
dispersion forces. Orientation-dependent interactions,
due to the cylindrical symmetry of the polymer segments,
are assumed to be predominant. The local orientation of
a polymer segment (the orientation of r at s) with respect
to the nematic axis (which is taken as the z-axis) is 6(s)
(Figure I). These interactions can induce the appearance
of nematic order, and the order parameter per segment is
then defined as follows:

S = <% J: dsP,[cos 0(s)]> (2)

with () being the thermodynamic average over all the
chain conformations, and P;[cos 6(s)] the usual second-
order Legendre polynomial, i.e. 1/2[3cos”8(s) — 1].

The potential, at point s, due to the intermolecular
interactions, is then given as follows:

v(s) = —uSP,[cos O(s)] (3)
where u, the effective strength of the average orienta-

tional intersegement interaction, represents an average
over the intermolecular distance.
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Figure 1 Conformation of a worm-like polymer chain

Next, we consider a magnetic field H, applied along
the z-direction. A polymer segment will experience a
torque, due to its magnetic anisotropy Ax(= x| — x_),
with x| and x, being respectively the magnetic suscept-
ibility, parallel and perpendicular to the backbone of the
polymer. This torque tends to align the segments parallel
to the magnetic field when Ay is positive or perpendi-
cular to the field when it is negative. For simplicity, we
only consider positive values of Ay, i.e. the case, for
example, of polymers containing benzene rings in the
polymer chains, such as certain polyesters™. 32

Therefore, the nematic axis, for a unlform phase, is
parallel to H. This external field introduces an increase in
the potential at point s, which is given by the following
expression:

—LAxP;[cos O(s)|H — Ly H* (4)

where X(= (2x. + x))/3) is the average magnetic sus-
ceptibility®}, when H = 0. Let us take v, = 1/3AxH". s
that the orientation-dependent part of the potential due to
the field H is v.(s) = —v Py[cosf(s)]. Then, the total
orientational energy for a polymer chain is given by the
following:

L
J dsfu(s) + v (s)].
0

Up until now, we have only considered a thermotropic
polymer, in the melt. In the case of a lyotropic polymer in
solution in an ideal solvent of spherical molecules,
without any polymer—solvent interactions, all of the
above remains valid if we replace u by uX, with X being
the volume fraction of the polymer (keeping in mind, as
mentioned above, that u represents an average for the
intermolecular distances). Mixtures with interacting
solvents (e.g. liquid crystals) have been treated in other
publications?®-3

CALCULATIONS

In order to obtain the orientational order of the polymer
chain in the presence of a magnetic field, we need to
calculate thermodynamlc averages for the polymer
chain'*. The expression for the Boltzmann factor
assocmted with a polymer conformation is as follows:

exp{—ﬂ {g JOL ds (g)2+ LL ds (U(S) - @ + ve(S)ﬂ }

(5)

with (v(s)) = —uS?,ve(s) is the contribution of the
external field, and 8= 1/kgT (kg is the Boltzman
constant). We introduce the statistical weight, G(r.r', L),
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which measures the probability of finding a polymer,
with a given conformation and an orientation r at
contour length s = 0, and r' at s = L, which is given as
tollows:

G(r,r'L) Jd{conf}é[r —rl[r(L) ~ v']

ol o(z)
+ JOL ds<v(s) - @—%i)l + MS))} } (6)

Thus, we can calculate the orientational order parameter
through the following self-consistent equation:

17
S = EJ ds

x [dr dr'dr"G(r,r',5)Ps[cos 8(s)|G(r" ¥’ L — 5)

(7)
with Z = [drdr’'G(r,r', L) being the partition function
of the polymer.

As mentioned before'®, G(r,r’, L) is the solution of a
differential equation, namely the following:

e YT RS PRRC) | [

= 8[r(0) — r']6(L) (8)

and the problem is thus reduced to the calculation of
eigenvalues and eigenvectors of a matrix system which
was chosen to be of the order seven, so as to obtain
sufficient precision.

Let v, (= v./u) be the relative strength of the external
field with regard to the intermolecular interactions. For
each value of .., we calculate, self consistently, the value
of S for various temperatures. The system has almost
always one solution: for rather low temperatures, S > 0
corresponds to the nematic phase, for high temperatures,
S is very small but different from zero, and for the
intermediate range of temperatures, these two solutions
may co-exist with another one which corresponds to a
maximum of the free energy.

For sufficiently small v, value, a first-order transition
from a very low ordered phase to a higher ordered
nematic one exists at a temperature T, (Figure 2). We
only calculate here a ‘pseudo-transition’ temperature’
where the free energies are equal in the two phases and
we neglect the biphasic domain. At the transition, the
orientational order parameter jumps from a value S, toa
value S .

For a critical value v, of the external field, S, and S
merge in a single solution, the transition is no more first-
order in nature, and for greater values there is no longer
a transition, with the order parameter exhibiting a
smooth and increasing behaviour when the temperature
is lowered (Figure 2). The corresponding v, (= ve./u)
value seems to be always ca. 1072

A plot of the transition temperature versus the external
field shows a linear variation (Figure 3), with a T,
maximum deviation from 7.(v, = 0) of some tens of
degrees at v (typically ~ 20K). Thus the external field
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Figure 2 Influence of the external field v, on the temperature
variation of the order parameter S, obtained by the direct calculus
method, with L = 20,4 = 10 and T (v, = 0) = 330K: (— — —) 0; (——)
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Figure 3 Variation of the nematic—isotropic transition temperature 7,
with the external field v,,, from the direct calculus method; the polymer
parameters are L = 20 and ¢ = 10

induces some order in the isotropic phase and moves the
transition point towards higher temperatures. We note
that for v, < v, the greater v, is, then the lower is S
and the greater is S, until v, = v, where §; = S ~
Se(v, = 0)/2 (Figure 4).

Calculations can also be done by using a Landau—de
Gennes-type expansion of the free energy, as follows?>%6:

AFe = Fe(S) - Fe(o)
= ES+ A(T —T*)S* - BS*+Cs*  (9)

The coefficients E, 4, B and C are dependent on the
external field, while £,B and C, moreover, are also
temperature dependent. They are determined by an
expansion of the partition function given in the case of
the previous calculus method. Thus, all of the expres-
sions obtained previously for an elongational flow are
derived in this present study, in the same manner, for a
magnetic field.

0.4

|
OL' 0.01

Vo = VU

Figure 4 Variation of the order parameters at the transition, in the
isotropic (S, 0) and anisotropic (S, , V) phases, as a function of v,;
the parameters of the chain are the same as in Figure 2

We shall call this type of approach the LDG (Landau—
de Gennes) method, and the first approach the direct
calculus methods which, as a result, can be applied with
an elongational flow.

Both methods give the same qualitative results: a
linear variation of the transition temperature with the
external field, a critical value of the external field v,
above which no transition still occurs, with only a
smooth variation of the order parameter with the
temperature, and for v, < v., a jump of the order
parameter at the transition, from S, to S, , with S (S, )
being an increasing (decreasing) tunction of v,. The
direct method gives good precision but needs quite long
numerical calculations, while the LDG method shows
poor precision but uses simple analytical expressions.

In both methods, we need three polymer parameters.
Two are clearly characteristics of the chain, namely the
degree of polymerization, L, and the persistence length,
q, estimated, for example, from intrinsic viscosity
measurements*® | while the third one may be either
the transition temperature without an external field
T.(v, = 0) or the effective strength of the orientational
interaction u. If one chooses, as we have done, the first
one, i.e. T.(v. = 0) (easily determined experimentally),
the two methods do not give the same value for w.
Although the difference is only of the order of a few
calories per mole, if one takes the value » obtained from
one method and uses it in the second method, this will
introduce a great variation in 7.(v. =0) (~ tens of
degrees).

Let us rewrite the resulting expressions of the LDG
method as follows:

2 v,
T.=T, =011 - 1= 1
=T+ (=) 4 1o
1 _ 1/2 1/2 (Ve
Sep =$Sewe =01 F (1 =) F (1 -8 (%) (1)
with 6§ = v, /v, < 1.
The application of equation (10) to the data obtained

with the direct method shows very good agreement, with
the error being less than 107 for v,, < 10~ and reaching
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Figure 5 Shift of the transition temperatures 7. and order parameters in the paranematic phase S. (from the direct calculus method, with the

molecular parameters L

Ax =099 x 107 % ergG™2, Ae =10, f ~4 x 1078 gs™!

5x 107 at around Ver, (always below the practical
experimental precision). Equations (11) are also good
expressions for fitting the resuits of the direct method,
with an error of ca. 5%.

Therefore, the expressions given by the LDG method
seem to be good approximations for the direct calculus
approach. By keeping this in mind, both the LDG and
the direct calculus approaches will become complemen-
tary methods in our investigations. We can, for example,
obtain the interaction parameter u and the order
parameter at the transition S.(v. = 0), without an
external field, by using the direct method (with the
procedure given in refs 25 and 26). This allows us to
obtain a good estimation of the modifications introduced
by the application of an external field v, just with the
help of equations (10) and (11). A better precision can be
reached via the direct calculations, if necessary.

The maximum strength of the magnetic field which can
be easily obtained for practical use is, at the present time,
around 10T and leads to v, values of ca. 107, Thus, by
the use of such fields, we cannot hope to reach the critical
point v, and the shift of T, will be undetectable within
the useful experimental precision However, the applica-
tion of such magnetlc fields will induce an order
parameter of ~ 10> in the isotropic phase—the so-
called ‘paranematic’ phase—and we shall see later that
these calculations will be of some practical interest.

The usual values obtained for the strain rate of a flow
field are 10 to 50000 s~ 13, so we can expect in the case of
elongational flows, to have the strongest orientational
effects.

The same procedure as given above can be used with
an electric field (when there i Isno electrical conductlon)
by using v, = 1/3(Ae/4r)E?, with Ac being the aniso-
tropy of the dielectric permittivity and E the strength of
the electric field. Strong effects are also expected in this
case.
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146,9g=1) as a functlon of the external field with various scales

(ves H,E,G); u = 5.6458 kcalmol™

A typical plot of the shift of the transition temperature
T, and of the associated induced order parameter S, in
the paranematic phase, is shown in Figure 5, as a
function of the external field, expressed on a multiscale
axis (the relative external field v,,, with the correspond-
ing magnetic (H ), electric (E) and elongational flow (G)
field strengths) We have taken the usual values of
Ax ~ 10"7emu cgsg! (refs 39 and 40), Ae ~ 10 (ref.
41), and a friction coefficient in dilute solutions of
~10"% gs™! (ref. 21) (the estimations for concentrated
solutions or pure melt polymers be1ng very difficult). We
can see that a magnetic ﬁeld of 10 T is equivalent to an
electric field of 10kVem™ (for a sample of 10 pm
thickness, under 10V) and to a strain rate of 100s™'
Thus, it seems that electrical and elongational flow fields
will be easier to handle for practical interest. A shift of
ca. 1 K in the transition temperdture and an orientational
order parameter of ca. 1073 in the paranematic phase
will, theoretlcally, be obtalned for H ~225T,
E ~300kVcm™' and G ~ 500005

RESULTS AND DISCUSSION

Magnetic birefingence experiments allow the estimation
of the orientational order of a nematic polymer in its
paranematic phase, via the measurement of the aniso-
tropy of the refractive index, An = nj - n_, with n and
n, being the refractive index for light electric polariza-
tion, respectively, parallel and perpendicular to the
nematic director n and H. The parameter An is used to
calculate the Cotton-Mouton (CM) constant from the
following:

An = CMH? (12)

where A is the wavelength of light.
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Figure 6 Influence of the external field v,, on the variation of 1/S§ with
T, from the direct calculus method with the polymer parameters
L =20,andg =10 r? are the linear regression coefficients of the curves

A plot of 1/CM versus the temperature T shows a
linear variation, as follows:

1 "

= AT = T") (13)
and gives the so called T~ temperature, at the intersection
on the T-axis by a linear extrapolation®; T corresponds
to the limit of metastability of the isotropic phase and 4, is
related to the second virial coefficient. For liquid crystal
molecules, it is well known that T is just a few degrees
below the isotropic-to-nematic phase transition tempera-
ture 7, while for nematic polymers, the dlfference
(T, — T ) is greater and lies around 20-30K *

We shall use some of the theoretical results obtained
previously to try to understand this phenomenon. It is
known that An can be related to the anisotropy of the
dielectric susceptibility Ae, and we can write Ae =
(e —€1) = (Ve — Ve )(Ve + VeL). Asafirst approxi-
mation, we can then rewrite Ae in the same way as that
given for liquid crystal molecules®, i.e. as Ae ~ 2An7,
with 7 being the average refractive 1ndex. In addition Ae
can be related to the orientational order parameter S,
under the magnetic field, through Ae = p S. The quantity
p is a phenomenological parameter depending on the
molecular characteristics of the monomer (electric
polarizability, etc.) and of the chain (density of segments),
which we will not describe here for reasons of simplicity, as
it is of no real use for our present purpose.

Thus we have An~ Ae/2A=pS/2A, and using
equation (12), we obtain the following:
1 MH? 1
—— =——2n (14)

cM~ p 7S

The order parameter S, under a given magnetic field H
(or wv.), is thus proportional to the Cotton—-Mouton
constant.

As a consequence, the theory has to give a linear
variation of 1/8 versus T over a wide range, which is
found (Figure 6) for various values of the external field
v.. S0, following equation (13), we can write the

30
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Figure 7 Shape of the variation of 1/S§ with T for v, = 8.5 x 1073,
with the polymer parameters used in Figure 2

following:
1
s=a(T-T") (15)
Thus, « is proportional to 4, as follows:
L p
=Ay——== 16
T H R (16)

We see that the lower is v,, then the better is the linear fit.
We also found (Figure 7) the same deviation near T, and
the same general shape that is found for the experimental
curvesof 1/CM as a functlon of T, in both polymers and
liquid crystal molecules®® (the dotted line is only an
approximation for both theory and experiment). We can
then deduce T* from the plots of 1/S as a function of T
by a linear extrapolation, and a quite interesting
observation can be made that, for polymers, (T, — T*)
is quite large and equal to ~ 35-40K (so that (T, — T*)/
T, ~ 10-12%).

We can now compare these last theoretlcal results with
the experimental data obtained by Maret* for a series of
aromatic polyesters (with mesogenic groups and flexible
spacers in the mainchain), known as DDA-9, as well as
for the two corresponding low molecular weight
compounds PAA (para-azoxy-anisole) and 9- DDA 9
(see Table 1), which have been described elsewhere®®. For
each sample, the length L and the experimental transi-
tion temperature are known. These values are reported in
the first part of Table 1, together with the experimental
results obtained by Maret*? from magnetic blrefrmgence
measurements (with A = 6328 A) The maximum mag-
netic field used was H = 12 T, so we have used a value of
ver Of 1078, The persistence length for such polyesters is
nearly equal to 1.

We have previously shown* that in the theoretical
mean-field model (without an external field, v,, = 0), a
knowledge of L and ¢ determines, for each degree of
polymerization, all of the characteristics of the
isotropic—nematic phase transition: the orientational
order parameter at the transition, Sy, and the quantities
kpTe/uL (or kg/T,/ug) and kg T ™ /uL (or kg T " /uq), etc.
Therefore, from the experimental transition temperature
T,, we can determine the orientational interaction
parameter u, and then S (Table 1, second part).

The same calculations are also true when an external
field is applied to the sample. Thus we can determine

POLYMER Volume 37 Number 11 1996 2043
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Figure 8 Influence of the degree of polymerization L, for various samples of DDA-9 (ref. 42) with g = | and v, = 1075, on: (a) the transition
temperature T¢; (b) the interaction parameter »; (c) the order parameters at the transition, S, (anisotropic) (0) and S, (isotropic) (A); (d) the T*
temperature, calculated (O) and experimental (®) values; (e) the slope a of the curve 1/S(T)

theoretically, for an external magnetic field v, (= 107°),
the related quantities S, S, T, and T*, and « (Table 1,
third part).

Calculations show, for all of the L values of the
various samples, that we have the following (equations
(10) and (11)):

T, ~ T.(v, =0); S, ~ Sc(ve =0) ~0.35;
Se ~8x 1078 (T, — T*) ~ 35-45K

We must give special attention to the value of the order
parameter at the transition in the nematic phase, S._ . The
mean field theory gives ~ 0.35, while values of ~ 0.70-
0.88 have been deduced from nuclear magnetic reso-
nance (n.m.r.) spectroscopic measurements®’, The agree-
ment is rather poor, but this discrepancy could have

several origins. The worm-like model is perhaps not able
to correctly describe such a polyester, which has a rather
discontinuous structure, i.e. a rigid mesogenic entity
followed by a flexible one, and so on, and could,
moreover, exhibit ‘hairpins’ (folding of the chain) for
the longer chains*¢47. Steric repulsions, which may
stabilize the liquid crystalline phase*®, are not included
in the present model. Furthermore, it was shown that the
increase of order in the chain length is caused by an
increase of the biaxial character of the orientational
order parameter*>*>?  In addition, due to sample
polydispersity, a selective partitioning of chain lengths
in the isotropic—nematic biphase occurs and leads to a
heterogeneous molecular morphology in the pure
nematic phase, with regions segregated both by chain
length and level of orientated order3!.
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Figure 9 Influence of the transition temperature 7, for the samples
and parameters given in Figure 8, on: (a) the interaction parameter u;
(b) the T temperatures, calculated (O) and experimental (®) values; (c)
the slope « of the plot of 1/S

We also note that there exists an incoherent point
(L = 21.5) for the quantities 7, and as a consequence, for
u, T*, and «. These were determined (as for all of the
samples) by using the experimental data with, certainly
for that particular molecular weight, an overestimated
value of the chain length (L should be ca. 7). On the other
hand, S, S, and S, which were calculated only by using
L (and ¢ = 1) show continuous variations with L.

Figure 8 illustrates the influence of the degree of
polymerization L on various quantities, namely the
experimental transition temperature 7, the calculated
effective strength of the orientational interaction u,
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deduced (for v, = 0) with the help of the mean-field
approach, the theoretical orientational order parameters
(under a relative field v, = 107%) S., and S, the
experimental and theoretical (as determined from the
direct calculus method, by using the calculated u values)
7™ values, and finally, the theoretical values of « for the
slopes of the curves 1/S(T).

The usual® strong increase of T, at low values of L,
followed by a rapid saturation, is observed (screening
effect). The experimental values of 7™ are reported in
Figure 8d. The theoretical T temperature is lower than the
experimental one, with quite a systematic deviation of ~10
to 20K ; the variation with L is the same for both curves.

All of the curves of Figures 8a, 8b, and 8d have the
same shape (an increasing function of L, with a
saturation plateau at high values of L) while « in
Figure 8¢ has a reversed evolution. This suggested a plot
of u, T™ and « as a function of T, shown in Figures 9a—c.
A fairly good linear dependence with T, is found for 7"
and «, with a better fit for the theoretical, when
compared with the experimental 7% wvalues. The
systematic deviation in 7", mentioned above, is clearly
seen in Figure 9b. A linear variation of u# with T, also
appears for most of the points of Figure 9a, although
some points are clearly out of alignment: u seems to be
weakly dependent on L.

It is found that S, displays a smooth and increasing
variation with L (Figure 8c), with its values falling in a
short range of variation (0.34 < S, < 0.36), with no
obvious sensible dependence on the fluctuations of T,
with L (shown in Figure 8a), as mentioned above.

Now it will be useful to know the theoretical
predictions when a magnetic field is applied to small
liquid crystal SMLC molecule. For the reason previously
developed®®, we can use the present model (in addition,
another mean-field theory for liquid crystals™) until the
limit of conventional SMLC liquid crystals, with L =1
and ¢ — oc (for practical use, ¢ ~ 1000). The application
to PAA, with T (v, = 0) = 404.7K, L = 1 and ¢ = 1000,
leads to S, =9.9x 10°° and T* =367.59K. so that
(T.-T")~3TK (T, —T")/T. ~ 10%).

The deviation between experiments and theory is here,
for low molecular weight liquid crystals, greater than
30 K. Therefore, we are tempted to conclude that the
mean-field approximation, in the paranematic phase,
seems to be a better approximation for nematic polymers
than for small molecule liquid crystals. In the case of
polymers, the dynamics of the reorientational rearrange-
ments is slower than for small molecules, due to the chain
elasticity; thus, the fluctuations could not easily develop
through the phase and hence relax more rapidly. In
contrast, for liquid crystals, as has been pointed out by
numerous authors’?¢, the transition is more of a
second-order type, with the development of very-long-
range correlations.

CONCLUSIONS

The first part of this study complements our previous
work on elongational flow®?®. Two methods, namely
the LDG expansion and the direct calculus approach,
can be applied in the case of external fields, such as
magnetic and elongational flow fields.

We have also shown that despite the strength of
experimentally accessible magnetic fields being too low
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to induce any detectable shift of the transition tempera-
ture, the external field induces a weak order in the
isotropic phase which, in turn, leads to predictable
experimental magnetic birefringence measurements.

Another type of external field, which is of great

technological interest, is the electric field. Therefore,

numerous experimental reports on liquid crystals

57,58
I

and more recently on polymer559’60, have appeared in the
literature. In the latter case, this present model can also
be used, but it is necessary to take account of electrical
conduction (essentially, for high fields), which will
rapidly induce electrodynamic instabilities (convection,
etc.)60_64.
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